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Abstract. The distributional specifications for the composite regression error term most

often used in stochastic frontier analysis are inherently bounded as regards their skewness

and excess kurtosis coefficients. We derive general expressions for the skewness and excess

kurtosis of the composed error term in the stochastic frontier model based on the ratio

of standard deviations of the two separate error components as well as theoretical ranges

for the most popular empirical specifications. While these simple expressions can be used

directly to assess the credibility of an assumed distributional pair, they are likely to over

reject. Therefore, we develop a formal test based on the implied ratio of standard deviations

for the skewness and the kurtosis. This test is shown to have impressive power compared

with other tests of the specification of the composed error term. We deploy this test on

a range of well-known datasets that have been used across the efficiency community. For

many of them we find that the classic distribution assumptions cannot be rejected.

1. Introduction

The stochastic frontier model (SFM) of Aigner, Lovell & Schmidt (1977) and Meeusen &

van den Broeck (1977) has long been used by academics, practitioners and regulators alike

to routinely assess efficiency at the firm level, especially in matters of production. This

model has been extended in various directions and probed to varying intensities over the

years. A recent in-depth review is Kumbhakar, Parmeter & Zelenyuk (2018). However,
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2 SPECIFICATION TESTING FOR SFA

even with major advancements of this model in many fruitful and important directions,

the Normal-Half-Normal (NHN) distributional specification remains the go-to framework for

empirical analysis: the regression function has a composed error term ε = v ± u, where v

follows a Normal(0, σv) and u follows a Half-Normal with scale parameter σu, measuring

the inefficiency in the model and entering negatively in a production frontier, positively in

a cost frontier. This almost religious reliance on such a peculiar distributional framework

often leads to criticisms of the deployment of the SFM. One basic concern is the effects of

distributional misspecification on the estimates and the reliability of the conclusions.

In the SFM, the possibility of distributional misspecification has some rather dramatic

ways to materialize. Early on, two types of “failures” were identified in the literature,

related to whether the available sample aligns with moment characteristics implied by the

distributional assumptions (Olson, Schmidt & Waldman 1980). The “Type I failure”, also

known as the “wrong skew problem”, occurs when the sample skewness of the OLS residuals

has the opposite sign than the one reasonably anticipated and reflected in the specification:

positive in a production frontier (where we anticipate a negative skew), negative in a cost

frontier (where we anticipate a positive skew). In this setting the Normal-Half Normal

maximum likelihood estimator (MLE) becomes non-standard, and several of the parameters

of the composed error cannot be identified and the researcher is left to question the existence

of inefficiency of firms in the model (Waldman 1982).

The “Type II failure” occurs when, based on OLS residuals, the Corrected OLS estimator

(COLS) gives negative estimates for the noise variance component.1 Specifically, as noted

in Olson et al. (1980), we have a Type II failure whenever, under a Normal-Half Normal

specification for the composed error of the SFM,

(1) κ2(ε̂ ) <
π − 2

π

[√
π

2

π

π − 4
κ3(ε̂ )

]2/3

,

where κk denotes the k-th cumulant. This will lead to a negative estimate for the variance

of the symmetric error component v. This condition is equivalent to

(2) γ̂1(v − u) <

[
π

π − 2

]3/2 [√
π

2

π

π − 4

]−1

≈ −0.995,

1Sometimes these failures have been called “errors”. We avoid this terminology in order to not create
confusion with the errors associated with statistical tests.
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the maximal skewness that a Normal-Half Normal error can have. We see that the Type

II failure is equivalent to the OLS residuals having skewness higher than the theoretical

maximum (in absolute terms).2 So both types of failure reflect cases where the sample skew

is out of the theoretical bounds – towards the opposite side of zero for Type I and beyond

the same-sign bound for Type II.

The Type I failure/wrong skew problem has been investigated in a range of manners,

from distributional specifications that explicitly allow for positive skew of the OLS residuals

(Li 1996, Carree 2002, Almanidis, Qian & Sickles 2014), to the proposal of distributions

that do not require negative skewness for inefficiency to be identified (Hafner, Manner &

Simar 2016, Horrace & Parmeter 2018), to bagging algorithms to appropriately construct

prediction intervals of observation-specific inefficiency (Simar & Wilson 2010). We direct

the interested reader to Almanidis & Sickles (2011) and Horrace & Wright (2018) for more

discussion on this issue and its implications for practice.

On the contrary, the Type II failure has seen virtually no discussion in the literature. And

yet, looking at Table 1.1. in Caves (1992b), still the largest international study of SFMs

on production data sets (1,318 samples in total from Australia, Japan, South Korea, UK,

and the USA) we see that both types of failure appear frequently, although admittedly, the

wrong skew problem more often. Nevertheless, Type II failure did occur in 181 of samples

from Japan, South Korea and UK, or 24% of the total samples from these countries (no

sample from Australia or USA suffered from Type II failure).

This is our initial motivation for this paper, to explore in more detail the skewness and

the excess kurtosis of the distributions used in the SFM, focusing on the effects and discrim-

inating power of Type II failures.

But there is another reason for doing this: the Normal-Half Normal MLE, unlike COLS, is

“resilient” against an empirical skewness and/or excess kurtosis that exceeds the theoretical

limits of the specification, i.e. to the Type II failure. How the MLE behaves is dictated

by the Score and the Hessian of the log-likelihood and for the negatively skewed NHN

specification (when ε = v − u), they have been derived explicitly in Aigner et al. (1977). In

the Score, neither the 3rd nor the 4th power of the residuals enters, so the computation of

the stationary point is not affected by the Type II failure. In the Hessian, the fourth power

2Olson et al. (1980) do not make this explicit connection between a Type II failure and the OLS residuals
having skewness larger than theoretically possible. However, this result, which we have stated above, appears
to have been discussed in Torii (1992), Caves (1992a) and Coelli (1995), though it is rarely, to our knowledge,
brought up in discussions circulating around COLS and the occurrence of Type II failures.
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does not appear, while the 3rd power enters with a plus sign in two diagonal elements (2nd

derivatives). If it so happens that sample skewness exceeds (in absolute terms) the theoretical

maximum of the specification, it means that the sum of third powers of the residuals will

be a negative number even greater in absolute value, something that, if anything, helps the

second derivatives being negative, which is a necessary condition for the empirical Hessian

to be negative definite, as desired. This is in accord with the results in Olson et al. (1980),

who find that although a Type II failure may make the COLS estimator problematic (since

in such a case COLS estimates the variance of the symmetric disturbance as negative), it

does not create any converge issues for the MLE.3 So, when applying MLE, the existence of

a Type II failure does not offer an easy alert that something may be wrong with the assumed

NHN specification.

In Section 2 we demonstrate that the skewness of the composed error from the SFM can

be written as the product of the skewness of the inefficiency component multiplied by a

ratio that is bounded by unity and strictly dependent upon the ratio of standard deviations

of the two separate components, inefficiency and noise. Denoting standard deviations by

s, this is the signal-to-noise ratio, SNR ≡ su/sv. We note that the efficiency analysis

literature is dominated by the ratio λ = σu/σv, which generally is not the signal-to-noise

ratio. Our deviation here from this industry standard is intentional. As Greene (2008, p.118)

notes “. . . [λ] is primarily a convenient normalization, not necessarily a directly interpretable

parameter of the distribution.” Throughout this paper we will use the SNR measure in our

expressions since it is distribution-free and has a direct interpretation related to the data.

SNR has also another perceptible advantage over λ, related to the exploration of statistical

tests through simulations: when using λ to classify different Monte Carlo scenarios, we

cannot couple empirical size and power results. If, say, we consider λ = 1, and the null

distribution is Normal-Half Normal, then in the simulations assessing empirical size, the data

will have a relative signal-to-noise strength equal to ≈ 0.6. If we then move to simulations

calculating empirical power with data coming from a Normal-Exponential distribution, then

for λ = 1, the data will have a relative signal-to-noise strength equal to 1. It is then

misleading to put side-by-side the empirical size and power obtained, because, not only do

the two data sets come from different distributions, but they differ in this very fundamental

and intuitive characteristic, the relative strength of the signal over the noise. There is a

reason why when we compare density graphs of different distributions, we do it for “same

3In contrast, Type I failures disrupt both the MLE and COLS.
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variance” incarnations. This control and homogenization of variability is not respected by

the λ parameter. On the contrary, it is obeyed by the SNR, when, in addition, we fix the σv

parameter at the same value for both size and power simulations.

In a similar spirit we also demonstrate that the excess kurtosis of the composed error from

the SFM can be meaningfully written in terms of the SNR. In the case of a Normal two-sided

error v this produces a concise expression of excess kurtosis in terms of SNR and is bounded

by the excess kurtosis of the one-sided error term, quite similar to that for skewness.

For the majority of distributional pairs that have been presented and applied in the effi-

ciency community, the maximal skewness and excess kurtosis that can arise from the choice

of distribution is also bounded. The NHN distribution has maximal skewness of 0.995 ≈ 1

in magnitude, and maximal excess kurtosis ≈ 0.869, while the Normal-Exponential distribu-

tional pair has maximal skewness of 2 in magnitude and maximal excess kurtosis 6. These

upper bounds on the maximal amount of skewness and excess kurtosis, while known, have

been under-appreciated as diagnostic tools for practical application, and a main goal of this

study is to provide practitioners with such tools that will be easy to compute and interpret.

We present theoretical results for the four most popular distributional specifications as-

sumed to model inefficiency used in practice: the Half-Normal, the Exponential, the Trun-

cated Normal and the Gamma distribution. We also examine the flexibility of the truncated

Exponential distribution as regards its range of skewness. Section 2 closes with simulations

that highlight several important features from this decomposition. First, while it is certainly

possible for low SNRs to produce empirical skewness larger than what is theoretically possi-

ble, these appearances occur infrequently and quickly disappear as the sample size increases.

Second, empirical skewness observed in the range of 1 to 2, while consistent with a Normal-

Exponential specification but not a Half-Normal, arises with reasonable SNRs. The results

from the simulations related to excess kurtosis are analogous.

Next, in Section 3 we explore the fact that based on the SNR-expressions of skewness

and excess kurtosis, we can obtain a cheaply computed sample statistic that should be zero

asymptotically under correct specification. We construct a formal statistical test based on

this statistic that has small size distortions in finite samples and very good power properties,

much higher than other tests that have been proposed in the literature for this purpose.

Finally, to reify our theoretical insights, in Section 4 we examine several well-known em-

pirical illustrations using datasets that are routinely deployed in the efficiency community.

For the selected applications, we compute the sample skewness and excess kurtosis as well
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as our formal statistical test to see how they can help us when used with real-world data

sets. Section 5 concludes.

2. Skewness and Excess Kurtosis in the Stochastic Frontier Model

2.1. Skewness of the Composed Error. The skewness coefficient can be conveniently

expressed in terms of cumulants,

(3) γ1 = κ3

/
κ

3/2
2 ,

where κ2 is also the variance of the composed error distribution, and κ3 is the 3rd central

moment. As before, we will use the symbols s and s2 to denote the standard deviation and

the variance of a random variable, respectively, while the symbol σ should be interpreted

throughout this paper as a scale parameter, not necessarily equal to the standard deviation.

We examine random variables of the form ε = v ± u where v is assumed to be symmetric

around 0 with variance s2
v and independent from u. For cumulants it holds that κk (cu) =

ckκk (u), where c is a constant, while for k ≥ 2, κk (c+ u) = κk (u). Also, for independent

random variables we have that κk (v + u) = κk (v) + κk (u). Moreover, the 3rd cumulant of

any distribution symmetric around zero, is zero. Put together, the above imply that

(4) γ1 (v + u) =
κ3 (u)

(s2
v + κ2 (u))3/2

= −γ1 (v − u) .

The range of skewness is mirrored around zero, so it suffices to examine either v+u or v−u.

Moreover, we can obtain a general expression that covers all distributional specifications and

expresses γ1 (v + u) as a function of γ1 (u) and the signal-to-noise ratio, SNR ≡ su/sv.

We have

γ1 (v + u) =
κ3 (u)

(s2
v + κ2 (u))3/2

=

(
(κ3 (u))1/3√
s2
v + s2

u

)3

=


(

(κ3 (u))1/3/su

)
(su/sv )√

1 + (su/sv )2

3

,

which leads to

(5) γ1 (v + u) = γ1 (u)

(
SNR√

1 + SNR2

)3

= γ1(u)(su/sε)
3,

and so max sup γ1 (v + u) = max γ1 (u). We note that while the skewness coefficient is a

constant free of parameters for some distributions, for others this is not the case, meaning

that in general the SNR is not independent from γ1(u) since it depends on su while γ1(u)
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depends on su as well (through the scale and/or shape parameters of the distribution). Note

also that as sv → ∞ we have that SNR → 0 and γ1 (v + u) → 0 while as sv → 0 we have

that SNR→∞ and γ1 (v + u)→ γ1 (u).

Equation (5) holds as long as v is symmetric around 0 and independent from u; for example,

this easily maps to the Laplace distribution proposed in Horrace & Parmeter (2018), the t-

distribution discussed by Tancredi (2002) and Wheat, Stead & Greene (2019) or the logistic

distribution examined in Stead, Wheat & Greene (2018). It is also quite intuitive, because

for given skewness of u, the higher the SNR the higher the skewness. Since v is assumed to

be symmetric, it should be expected that the maximum skewness will come from the skewed

component.

Aside from this general depiction of skewness, we also consider the most widely used

distributional specifications. It is well known that the Half-Normal distribution has fixed

skewness of
√

2(4−π)

(π−2)3/2
≈ 0.9953. Additionally, the standard deviation of the Half-Normal is

su = σu
√

1− 2/π so the proper signal-to-noise ratio here is SNR = λ
√

1− 2/π ≈ 0.6λ.

Thus, it is the case that for the Normal-Half-Normal distributional pair we have that γ1(v−
u) ∈ (−1, 0). For the Exponential distribution, u ∼ Exp(σu), we know that γ1(u) = 2 and

so γ1(v − u) ∈ (−2, 0). Therefore the Normal-Exponential specification has an interval for

skewness double that of the Normal-Half-Normal one, and in that respect it can accommodate

a wider spectrum of real world data samples. Moreover in the Normal-Exponential case we

have λ = SNR.

For the Normal-Truncated Normal specification proposed by Stevenson (1980), we assume

that u ∼ TN (µ, σu) where the parameters are the location and scale of the underlying

Normal that has been truncated from below at zero. For the case ε = v + u we have the

density

(6) fε (ε) = [Φ (µ/σu)]
−1 1

σ
φ

(
ε− µ
σ

)
Φ

(
µ

σλ
+
λ

σ
ε

)
, σ =

(
σ2
v + σ2

u

)1/2
, λ = σu/σv .

where Φ is the standard Normal distribution function and φ the standard Normal density.

This is an incarnation of the Extended Skew-Normal distribution (see Appendix A). The

skewness coefficient of the inefficiency component is

(7) γ1(u) =
ζ3(µ/σu)

(1 + ζ2(µ/σu))
3/2
, where ζj(z) =

dj

dzj
ln (2Φ(z)) .
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Appendix A demonstrates that as µ/σu →∞, γ1(u)→ 0 and as µ/σu → −∞, γ1(u)→ 2.

Thus, as in the Exponential setting, γ1(v − u) ∈ (−2, 0) when inefficiency is assumed to be

distributed Truncated Normal.4

An interesting side note pertaining to the Truncated Normal specification is that the val-

ues of γ1(u) viewed as a function of µ/σu are not symmetric around zero. Several values of

γ1(u) are provided here:

µ/σu -30 -10 -5 0 1 2 3 5

γ1(u) 1.993 1.946 1.831 0.995 0.592 0.221 0.036 0.000

Lastly, for the Gamma distribution, u ∼ Γ(k, θ), introduced by Stevenson (1980) and

popularized by Greene (1990), the skewness coefficient is γ1(u) = 2/
√
k, k being the shape

parameter. Clearly for k < 1 the maximum skewness can be greater than 2, which does

provide more flexibility in practice, however, when k < 1 the Gamma distribution becomes

log-convex which may suggest that the composed error is no longer log-concave. This in

turn can lead to concerns regarding the properties of the maximum likelihood (or maximum

simulated likelihood) estimator.

Given our simple depiction of skewness of the composed error it would be straightforward

to investigate skewness ranges for other distributional pairs that have appeared in the lit-

erature: Pareto, double truncated Normal, or truncated Laplace distributions for example.

We leave that for future work.

2.1.1. Bounded Inefficiency Distributions. The bounded inefficiency class of models was pro-

posed by Almanidis & Sickles (2011) and Almanidis et al. (2014), as a response to the “wrong

skewness” problem, but also firmly grounded in economic theory: the argument being that

grossly inefficient firms are quickly rooted out of the market due to the forces of competition,

and so we should not expect to observe very large inefficiencies. Technically, this means that

we should truncate the tail of the distribution of the inefficiency component, and, when we

model it as a doubly truncated Normal we can obtain skewness with the “wrong sign”, and

use it with samples with such sign, eliminating the Type I failure. In the cases of Half-Normal

and Exponential distributions this cannot happen, but the truncation reduces the variance,

and given that the variance appears in the denominator of the skewness coefficient this could

lead to a higher skewness coefficient, expanding the upper limit of skewness beyond 2 and

4The Half-Normal case corresponds to µ/σ = 0, in which case we have γ1(u) = 0.9953, as detailed above.
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making the appearance of Type II failure less likely. Due to eq. (5), to determine this we

need only look at the distribution of the one-sided component and examine its skewness co-

efficient. For the case of the Normal-Truncated Exponential model for production, ε = v−u,

the truncated distribution of the inefficiency component is

fu(u) =
exp(−u/σu)

σu(1− exp(−b/σu))
, 0 ≤ u ≤ b.

Setting δ = b/σu after some algebra (see Appendix) one obtains

κ2(u) = σ2
u

[
1− δ2eδ

(eδ − 1)2

]
, κ3(u) = 2σ3

u

[
1− δ3eδ(eδ + 1)

2(eδ − 1)3

]
.

Since 2σ3
u is the third cumulant of the untruncated Exponential distribution, it is obvious that

it, too, is reduced in the truncated case, and it is straightforward to determine numerically

that 0 < γ1(u) < 2, tending monotonically to 2 as the truncation point goes to infinity.

Indicatively, for δ = 3 (upper bound equal to three standard deviations of the untruncated

distribution), the Truncated Exponential has skewness coefficient approximately equal to the

untruncated Half-Normal. In words, truncation reduces the variance but it reduces the third

cumulant even more, leading to lower skewness overall. We see that the bounded inefficiency

specifications, although they may be chosen for other reasons, do not extend the range of

skewness beyond the available distributions in circulation, and so do not strengthen our

defenses against a Type II failure.

2.2. Excess Kurtosis of the Composed Error. The excess kurtosis coefficient is defined

as

(8) γ2 =
µ4

s4
− 3,

where µ4 is the 4th central moment. Using s2 = κ2 and µ4 = κ4 + 3κ2
2 we can write

(9) γ2 =
κ4 + 3κ2

2

κ2
2

− 3 =
κ4

κ2
2

.

Assuming, as before, independence between v and u and the related properties of cumu-

lants, we have

γ2(v ± u) =
κ4(v) + κ4(u)

κ2
2(v) + 2κ2(v)κ2(u) + κ2

2(u)

=
κ4(v) + κ4(u)

κ2
2(v) (1 + 2(su/sv)2 + (su/sv)4)
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=
(κ4(v)/κ2

2(v)) + (κ4(u)/κ2
2(u))(κ2

2(u)/κ2
2(v))(

1 + 2SNR2 + SNR4
)

=
γ2(v) + γ2(u)SNR4(

1 + SNR2
)2 .(10)

For the cases that interest us, γ2(u) > 0 always. Given this, we have to distinguish between

meso- and platykurtic distributions (that have zero or negative excess kurtosis respectively),

from leptokurtic ones (positive excess kurtosis), for the symmetric error component.

2.2.1. Mesokurtic or Platykurtic symmetric error component. If γ2(v) ≤ 0, we have that

γ2(v) ≤ γ2(v ± u) ≤ γ2(u),

and also that γ2(v±u) is monotonically increasing in the SNR. The case where v is assumed

Normal belongs here: we then have κ4(v) = 0 and Equation (10) simplifies to

(11) v ∼ N =⇒ γ2(v ± u) = γ2(u)

(
SNR2

1 + SNR2

)2

= γ2(u)

(
s2
u

s2
v + s2

u

)2

= γ2(u)

(
su
sε

)4

,

bounded below by zero and above by γ2(u). As with skewness, there are distributions

with fixed excess kurtosis: in the case of the Half-Normal this value is 0.869 while for

the Exponential distribution it is 6. We see that the Normal-Exponential distribution can

accommodate much larger amounts of excess kurtosis than the Normal-Half-Normal one.

For the Normal-Truncated Normal distribution, we have that (see Appendix)

γ2(u) =
ζ4(µ/σu)

(1 + ζ2(µ/σu))
2 .

This tends to the value 6 as (µ/σu)→ −∞ and to zero as (µ/σu)→∞ (though this decay

is not monotonic). Indicatively,

µ/σu -30 -10 -5 0 1 2 3 5

γ2(v) 5.909 5.580 4.759 0.869 0.001 -0.239 -0.083 0.000

The Normal-Truncated Normal convolution can have either negative or positive excess

kurtosis, distinguishing it from both the NHN and NE distributional pairs. We include it in

the subsection with the platykurtic distributions, because in empirical studies, the estimated

ratio µ/σu almost always takes values for which the excess kurtosis is positive (µ is estimated

negative).



SPECIFICATION TESTING FOR SFA 11

Finally, the Gamma distribution has excess kurtosis 6/k and the same comments that we

made related to skewness apply: with k < 1 we can have excess kurtosis higher than 6, but

the Gamma density becomes log-convex.

As Westfall (2014) forcefully shows, the only unambiguous interpretation of kurtosis is

tail extremity, since its value is predominantly determined by the outliers, outside the range

of “mean ± standard deviation”. Thus, error distributions with high excess kurtosis will

be needed when the sample contains many outliers, even if the empirical distribution of the

residuals does not exhibit a high peak.

2.2.2. Leptokurtic symmetric error component. If γ2(v) > 0 (for example if we assume

the Laplace, Student’s-t or the Logistic distribution for the symmetric component) assess-

ing bounds on γ2(ε) becomes more complicated. Considering increasing values of SNR,

γ2(v ± u) starts at γ2(v) for SNR = 0 and initially reduces, reaching a minimum at SNR =√
γ2(v)/γ2(u). At this point, γ2(v ± u) < min

{
γ2(v), γ2(u)

}
necessarily. After that point,

it rises to γ2(u) as SNR increases.

The excess kurtosis of the Logistic is fixed at 6/5, and that of the Laplace at 3. The excess

kurtosis for the Student’s-t distribution equals 6/(ν − 4) where ν is the degrees of freedom.

It is finite for ν > 4. Indicative values are:

ν 5 6 7 10 16 28

γ2(u) 6 3 2 1 0.5 0.25

2.3. Finite Sample Insights. The experience from Monte Carlo simulations related to the

Type I failure indicates that even i.i.d. samples may be characterized by skewness with the

opposite sign than the population’s. It is therefore useful to examine the frequency with

which sample skewness and excess kurtosis violate their population limits in relation to the

Type II failure.

2.3.1. Sample skewness exceeds theoretical maximum. Here we closely follow the simulation

setup in Simar & Wilson (2010). There, samples of various sizes are drawn from a Normal-

Half-Normal distribution over various SNRs. We adapt that setting here by incorporating

covariates so that rather than use the true errors, we instead use residuals from a first stage

regression (as would be similar to the wrong-skew issue in practice). We generate a single

covariate that is standard Normal and our symmetric error term is also generated as standard

Normal.
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We look at sample sizes n ∈ {25, 50, 100, 200, 500, 1000, 10000} for SNR ∈ {0.1, 0.5, 1, 1.5,
2, 2.5, 3}. We begin with the Half-Normal setting. Table 1 presents the fraction of 1,000

simulations where the OLS residuals produce a skewness coefficient whose magnitude is

larger than 1 (which is beyond the theoretical bounds). We see that for any SNR, for the

smallest samples it is possible to draw a Normal-Half-Normal sample such that the empirical

skewness suggests the Half-Normal specification is invalid. However, for SNRs up to 2 which

characterize the large majority of empirical studies, the frequencies with which this occurs are

quite low, and once n > 200 we never observe incorrectly large skewness of the OLS residuals.

Holding σu fixed is necessary when the specification is not Half-Normal or Exponential, i.e.

when skewness depends on parameters. But in the cases we consider here the skewness is

free of parameters and as such, we hold σv fixed and vary σu.
5

Table 1. Proportion of 1,000 Normal-Half Normal samples with empirical
skewness greater than 1 in magnitude. In this setting sv = 1.

SNR = su/sv
0.1 0.5 1 1.5 2 2.5 3

γ1(v − u)
n -0.001 -0.089 -0.352 -0.573 -0.712 -0.800 -0.850

25 0.008 0.022 0.046 0.072 0.116 0.144 0.156
50 0.001 0.006 0.020 0.071 0.129 0.173 0.206

100 0.000 0.001 0.006 0.034 0.107 0.130 0.176
200 0.000 0.000 0.001 0.014 0.047 0.111 0.158
500 0.000 0.000 0.000 0.001 0.019 0.055 0.087

1,000 0.000 0.000 0.000 0.000 0.002 0.016 0.045
10,000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

The results from Table 1 give insight into how often a Type II failure is likely to occur

with respect to skewness, and so how often COLS estimation becomes incompatible with the

NHN specification.

Repeating this exercise using the same set of SNRs, but with the inefficiencies drawn from

an Exponential distribution, we see nearly identical behavior in Table 2. For the smallest

sample sizes, we can have OLS residuals that produce a skewness whose magnitude is beyond

2 though for SNR < 0.5 we never observe this. As the SNR increases it becomes more likely

that an empirical skewness which exceeds 2 is possible, with the frequency of this happening

5Nearly identical conclusions hold if we were instead to hold σu fixed and vary σv. These results are available
upon request.
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decaying as n increases. As with the Half-Normal setting, for an SNR of 2, once n > 500 it

appears that observing a skewness beyond the theoretical maximum does not occur.

Table 2. Proportion of 1,000 Normal-Exponential samples with empirical
skewness greater than 2 in magnitude. In this setting sv = 1.

SNR = su/sv
0.1 0.5 1 1.5 2 2.5 3

γ1(v − u)
n -0.002 -0.179 -0.707 -1.152 -1.431 -1.601 -1.708

25 0 0 0.006 0.026 0.033 0.044 0.064
50 0 0 0.008 0.037 0.064 0.077 0.115

100 0 0 0.008 0.031 0.070 0.099 0.145
200 0 0 0.003 0.029 0.043 0.114 0.129
500 0 0 0.001 0.005 0.030 0.082 0.112

1,000 0 0 0.000 0.003 0.008 0.050 0.082
10,000 0 0 0.000 0.000 0.000 0.000 0.000

Both of these results are consistent with the findings of Simar & Wilson (2010, Table 1).

There the focus was on the skew having the wrong sign, whereas our focus is the skewness

being too large for the assumed distribution. In fact our tables are almost mirror opposites,

with frequencies increasing as SNR increases (theirs decreased as SNR increased) and as n

increases.

2.3.2. Skewness in the Normal-Exponential model. It is also interesting to see how often we

might obtain skewness of magnitude in excess of 1 in reasonable settings from the Normal-

Exponential distributional pair. Table 3 presents the frequencies across 1,000 simulations

where the OLS residuals produce skewness whose magnitude is in excess of 1, thus providing

diagnostic evidence against the Half-Normal assumption. We see that an SNR of 1 produces

skewness magnitudes greater than 1 up until n > 1, 000. Moreover, for SNR = 2, we see

that as n increases the frequencies increase to 1 (as they should given that the theoretical

skewness is greater than one in magnitude). This suggests that it is reasonable in practice

to find an empirical skewness greater than 1 in magnitude.

2.3.3. Sample kurtosis exceeds theoretical maximum. From the earlier results on skewness

of the OLS residuals, we can also look at the magnitude of empirical kurtosis. Table 4

presents the fraction of the same 1,000 simulations where the OLS residuals produce a

kurtosis coefficient whose magnitude is larger than 0.869 (which is beyond the theoretical
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Table 3. Proportion of 1,000 Normal-Exponential samples with empirical
skewness greater than 1 in magnitude. In this setting sv = 1.

SNR = su/sv
0.1 0.5 1 1.5 2 2.5 3

γ1(v − u)
n -0.002 -0.179 -0.707 -1.152 -1.431 -1.601 -1.708

25 0.012 0.035 0.106 0.213 0.313 0.373 0.365
50 0.004 0.016 0.127 0.311 0.447 0.523 0.530

100 0.000 0.005 0.129 0.412 0.618 0.669 0.708
200 0.000 0.001 0.116 0.482 0.756 0.801 0.819
500 0.000 0.000 0.061 0.617 0.907 0.911 0.887

1,000 0.000 0.000 0.040 0.726 0.984 0.949 0.918
10,000 0.000 0.000 0.000 0.999 1.000 1.000 1.000

bounds). We see that for any SNR, for the smallest samples it is possible to draw a Normal-

Half-Normal sample such that the empirical kurtosis suggests the Half-Normal specification

is invalid. However, for SNRs up to 2 which characterize the large majority of empirical

studies, the frequencies with which this occurs are quite low, and once n > 200 we never

observe incorrectly large kurtosis of the OLS residuals. We also observe the interesting

pattern that the percentage of violations is first increasing in n and then falls back down.

This is likely due to the rate at which information in the tails appears relative to the overall

shape of the distribution of the composed error.

Table 4. Proportion of 1,000 Normal-Half Normal samples with empirical
kurtosis greater than 0.869 in magnitude. In this setting sv = 1.

SNR = su/sv
0.1 0.5 1 1.5 2 2.5 3

γ2(v − u)
n 0.000 0.035 0.217 0.417 0.556 0.646 0.704

25 0.040 0.054 0.069 0.077 0.092 0.116 0.130
50 0.042 0.048 0.078 0.140 0.174 0.204 0.208

100 0.038 0.033 0.093 0.152 0.203 0.215 0.219
200 0.018 0.020 0.072 0.126 0.200 0.251 0.254
500 0.003 0.005 0.030 0.105 0.186 0.250 0.262

1,000 0.000 0.000 0.009 0.062 0.143 0.216 0.255
10,000 0.000 0.000 0.000 0.000 0.003 0.021 0.090



SPECIFICATION TESTING FOR SFA 15

Again, we repeat this exercise using the same set of SNRs, but with the inefficiencies

drawn from an Exponential distribution. These violations are reported in Table 5 and are

broadly similar to those in Table 4. For small sample sizes (n = 25, 50), we can almost

never observe OLS residuals whose empirical kurtosis is beyond 6 for SNR < 1. As the

SNR increases it becomes more likely that an empirical kurtosis will exceed 6, the frequency

of this happening decaying as n increases, albeit in a nonmonotonic fashion. As with the

Half-Normal setting, for an SNR of 2, once n ≥ 1, 00 it appears that observing a kurtosis

beyond the theoretical maximum does not occur.

Table 5. Proportion of 1,000 Normal-Exponential samples with empirical
kurtosis greater than 6 in magnitude. In this setting sv = 1.

SNR = su/sv
0.1 0.5 1 1.5 2 2.5 3

γ2(v − u)
n 0.001 0.240 1.500 2.876 3.840 4.459 4.860

25 0 0.000 0.004 0.017 0.016 0.025 0.035
50 0 0.002 0.014 0.034 0.067 0.074 0.089

100 0 0.000 0.024 0.049 0.087 0.108 0.125
200 0 0.000 0.012 0.061 0.088 0.119 0.164
500 0 0.000 0.003 0.050 0.098 0.135 0.184

1,000 0 0.000 0.001 0.027 0.084 0.137 0.186
10,000 0 0.000 0.000 0.000 0.004 0.024 0.053

2.3.4. Parting Thoughts. The overall conclusion from these simulations is that while Type

II failures (empirical values above the theoretical limits for either skewness or kurtosis) tend

to vanish as the sample size increases, they have a visible probability of occurring for smaller

sample sizes and for higher but still reasonable SNR values, especially when the true data

generating process is Normal-Half Normal. Therefore simple diagnostics based solely on

whether Type II failures occur or not could suffer from high probability of rejecting a correct

null specification: in nomenclature, a Type II failure, if used as criterion for a specification

test, may carry a high Type I error. In order to handle this situation we develop next a

formal statistical test that is easily computed and will be shown to have very good power

properties.
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3. A Formal Specification Test Based on the SNR

Because both skewness and excess kurtosis can be expressed in terms of the SNR, we can

obtain two alternative expressions for a function of it that in the population are exactly

equal. The difference of these two expressions in a finite sample can be used in a formal

specification test for the distribution of the one-sided component. The test applies when

this distribution has constant skewness and excess kurtosis. The stochastic framework is

as follows: we examine a linear regression setup, with the usual regularity assumptions as

regards the regressors. We assume that the moments of the error term up to the 8th exist

and are finite, while the mean is allowed to be non-zero. We assume an i.i.d sample and hence

ergodic. This implies that sample moments estimate consistently population moments, and

that the OLS residuals are identically distributed. We assume that the regressors have zero

pair-wise covariance with the error term. This implies that the OLS estimator is consistent for

the slope regression coefficients and consequently that the OLS residuals are asymptotically

independent and that they are consistent predictors of the central error moments. Finally,

part of the maintained hypotheses is that the error term can be expressed as ε = v ± u and

that the error component v is Normal, so γ2(v) = 0, and independent from u. The test

requires for its computation only the residuals from an OLS regression, it does not use any

distribution parameters and so we do not need to estimate them in order to execute it.

From the skewness expression involving the SNR, eq. (5), we have, for ε = v ± u,

|γ1 (ε) | = γ1 (u)

(
SNR√

1 + SNR2

)3

=⇒
(
|γ1 (ε) |
γ1 (u)

)2/3

=
SNR2

1 + SNR2 .

We kept the absolute-value symbol (apparently superficial because of the even power

present), because it is important to take it into account for the variance of the statistic of

the test.

Turning our attention to excess kurtosis we have from Equation (11)

γ2(ε)

γ2(u)
=

SNR4(
1 + SNR2

)2 =⇒
(
γ2 (ε)

γ2 (u)

)1/2

=
SNR2

1 + SNR2 .

Equating the right-hand sides of the two expressions, re-arranging and using OLS residuals

we obtain the statistic

(12) ∆SNR ≡
(
|γ̂1 (ε̂) |
γ1 (u)

)2/3

−
(
γ̂2 (ε̂)

γ2 (u)

)1/2

.
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Because OLS residuals estimate consistently true error moments we have in all cases,

γ̂j (ε̂) →p γj (ε) , j = 1, 2. Then, the null hypothesis is represented by plugging in the

expression the values for γ1 (u) and γ2 (u) implied by the assumed specification, both positive

in the cases we examine. Under the null-hypothesis therefore, ∆SNR →p 0, and so the

necessary condition for a Central Limit Theorem to hold is satisfied. The statistic is sensitive

to different kinds of departure from the null hypothesis: if, say, empirical skewness exceeds

the theoretical maximum γ1(u), ∆SNR will tend to be above zero, and the reverse will hold

true if empirical excess kurtosis exceeds its theoretical maximum γ2(u). But the statistic

picks up also discrepancies between empirical skewness and excess kurtosis, even when neither

violates the limits.

The statistic is vulnerable and not meaningful to compute only when we obtain γ̂2 (ε̂) < 0.

Such a sample result would question whether the symmetric error component is mesokur-

tic/Normal, which is part of our maintained hypotheses and so we do not examine it further.

In the simulations that we will present, samples with negative sample excess kurtosis of the

OLS residuals are ignored for the computation of ∆SNR.

3.1. Asymptotic Variance. To obtain the asymptotic variance of our statistic, we look at

the asymptotic theory for sample moments as developed by Cramér (1946, ch. 27-28). This

theory applies to any random variable and depends solely on the following assumptions:

that the relevant moments of this random variable exist and that the sample is i.i.d. These

assumptions do hold in our framework for the random variable “OLS residual” (although

the independence assumption only asymptotically, but which is enough). We stress this

because it is not the case that powers of OLS residual sample moments converge to the same

distribution as the corresponding powers of true error central sample moments. Given the

zero-covariance assumption, this only holds for the 2nd power, but not for higher powers.

This can be easily verified if one writes the OLS residual as ε̂i = (εi − E(ε))− x′i

(
β̂∗ − β

)
with β̂∗ = (β̂0 + E(ε), β̂1, ..., β̂K)′, raise to powers and do the straightforward calculations

(straightforward at least for the 2nd, 3rd and 4th powers). But, as said, Cramér’s theory

holds directly for the OLS residuals, given an i.i.d sample and the consistency of OLS for

the slope regression parameters.

Remembering that the OLS residuals have by construction zero-mean, the ∆SNR statistic

can be written as a non-linear function of three central OLS residual moments. Denoting
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the kth sample central moment by mk, we have

∆SNR = m2(ε̂)−1 · |m3 (ε̂) |2/3

γ1 (u)2/3
− 1

γ2 (u)1/2

(
m4 (ε̂)

m2
2(ε̂)

− 3

)1/2

≡ H(m2,m3,m4) = H.

The function H(m2,m3,m4) is an obvious extension of the bivariate results in Cramér

(1946), and so we have that
√
n∆SNR →d N(0, V∆). To express the variance, let Hk denote

the partial derivative of H with respect to mk and evaluated at the population moments, µk

(always of the OLS residuals). Then

V∆ ≈ H2 · Var(m2) + H3 · Var(m3) + H4 · Var(m4)(13)

+ 2H2H3 · Cov(m2,m3) + 2H2H4 · Cov(m2,m4) + 2H3H4 · Cov(m3,m3).

Although long, all components of this variance expression can be easily estimated by

using the first eight sample moments of OLS residuals (that estimate consistently their own

population central moments). Whence,

QSNR ≡ n · (∆SNR)2

V̂∆

d−→ χ2(1).

For the actual computation we use Equation (12) and the following estimates for the

various components of V∆ (see the Appendix for details):

V̂ar(m2) =m4 − m2
2

V̂ar(m3) =m6 − m2
3 − 6m2m4 + 9m3

2

V̂ar(m4) =m8 − m2
4 − 8m3m5 + 16m2m

2
3

Ĉov(m2,m3) =m5 − 4m3m2

Ĉov(m2,m4) =m6 − 4m2
3 − m2m4

Ĉov(m3,m4) =m7 − 3m2m5 − 5m3m4 + 12m2
2m3

Ĥ2 =
−1

γ1 (u)2/3
· |m3|2/3

m2
2

+
1

γ2 (u)1/2
(γ̂2(ε̂))−1/2 · m4

m3
2

Ĥ3 =
sgn(m3)

γ1 (u)2/3
· 2|m3|−1/3

3m2

Ĥ4 =
−1

γ2 (u)1/2
· (γ̂2(ε̂))−1/2

2m2
2

.
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We repeat that all these sample moments and expressions as well as γ̂1(ε̂) and γ̂2(ε̂) are

computed using OLS residuals, while γ1 (u) and γ2 (u) are set to the values of the distribution

for u that is being tested. As we have mentioned, the test is applicable when we want to

test that u has a distribution with fixed values of skewness and excess kurtosis like the Half-

Normal, Exponential, or the Generalized Exponential proposed in Papadopoulos (2020).

We present simulation results related to the empirical size and power of this test, where

the null distribution is a negatively skewed Normal-Half Normal, with σv = 1. For the

power simulations, the data were generated from a negatively skewed Normal-Exponential

distribution with σv = 1. The regression function was y = 1 + ε. We compare our test to

the Pearson (Tauchen) test of Wang, Amsler & Schmidt (2011) with three cells, denoted “P-

T(3)”. This is the test proposed by the authors among the various ones that they examine.

Also, the best test in Chen & Wang (2012) performs comparably to P-T(3).

For some SNRs, the ∆SNR test is somewhat oversized, but not by much. For others, it

starts as oversized and then as sample size increases it falls below the nominal significance

level. Simulations not presented here show that as sample size increases above n = 1000,

the size of the test returns to the nominal level. We find this performance satisfactory, and

we turn to examine the empirical power of the test.

The ∆SNR test dominates the P-T(3) test in all cases and by a margin, except when SNR=3

and sample size is n = 500 and above, where the latter is slightly higher. But here too ∆SNR

has also very high power. Overall, the size and power performance of our test, combined

with its low computational costs, make it the preferred choice. We mention also that the

simulations indicated that the behavior of the statistic is not affected by the presence of

Type I failure (“wrong skewness”). This should be expected, since the statistic is “neutral”

to the Type I failure, because it is based on OLS regression and its residuals that do not

require any distributional assumption and so any pre-specified skewness sign.

One weakness of the ∆SNR test is that it has no power against any true error distribution

that is symmetric and mesokurtic (Normal or other). This is because in such a case both

components of the statistic, and their difference, go to zero since the population values

are then γ1(ε) = γ2(ε) = 0. But such a situation touches on the more profound issue

as to whether the sample supports a stochastic frontier model to begin with. Our test is

designed to probe the distributional specification given that the data can be matched to such

a modeling framework.



20 SPECIFICATION TESTING FOR SFA

Table 6. Empirical size simulations for ∆SNR.

SIZE SNR 0.5 
 

1 
 

1.5 

Nomimal 
sign. level n Δ(SNR) P-T(3) 

 
Δ(SNR) P-T(3) 

 
Δ(SNR) P-T(3) 

0.05 50 0.052 0.066 
 

0.078 0.057 
 

0.085 0.060 

 
100 0.064 0.054 

 
0.082 0.057 

 
0.078 0.061 

 
200 0.067 0.051 

 
0.070 0.055 

 
0.060 0.058 

 
500 0.060 0.049 

 
0.053 0.053 

 
0.032 0.053 

 
1000 0.068 0.052 

 
0.058 0.049 

 
0.026 0.051 

 
 

        0.10 50 0.095 0.125 
 

0.120 0.113 
 

0.122 0.116 

 100 0.104 0.105 
 

0.122 0.108 
 

0.114 0.117 

 200 0.108 0.101 
 

0.111 0.106 
 

0.091 0.115 

 500 0.109 0.100 
 

0.086 0.106 
 

0.057 0.106 

  1000 0.121 0.098   0.103 0.098   0.056 0.102 

                    

 

SNR 2 
 

2.5 
 

3 

Nomimal 
sign. level 

n 
Δ(SNR) P-T(3) 

 
Δ(SNR) P-T(3) 

 
Δ(SNR) P-T(3) 

0.05 50 0.089 0.061 
 

0.086 0.056 
 

0.079 0.058 

 
100 0.066 0.057 

 
0.072 0.058 

 
0.059 0.057 

 
200 0.044 0.054 

 
0.043 0.056 

 
0.042 0.055 

 
500 0.024 0.052 

 
0.023 0.057 

 
0.025 0.050 

 
1000 0.022 0.051 

 
0.027 0.053 

 
0.042 0.052 

          0.10 50 0.122 0.119 
 

0.120 0.107 
 

0.113 0.112 

 100 0.100 0.115 
 

0.101 0.113 
 

0.090 0.113 

 200 0.072 0.107 
 

0.071 0.108 
 

0.072 0.110 

 500 0.048 0.101 
 

0.050 0.106 
 

0.059 0.104 

  1000 0.066 0.104   0.096 0.105   0.112 0.100 

 

4. Empirical Illustrations

In this section we apply our approach to several of the most commonly used datasets

within the efficiency community. In Table 8, we list for each entry the original study where

the data arise from, as well as the empirical model that we estimate using this dataset. We

then list the size of the dataset along with the absolute value of the empirical skewness of

the OLS residuals (as some settings are cost frontiers and others production) as well as their
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Table 7. Empirical power simulations for ∆SNR.

POWER SNR 0.5 
 

1 
 

1.5 

Nomimal 
sign. level n Δ(SNR) P-T(3) 

 
Δ(SNR) P-T(3) 

 
Δ(SNR) P-T(3) 

0.05 50 0.104 0.061 
 

0.212 0.070 
 

0.247 0.098 

 
100 0.124 0.055 

 
0.290 0.076 

 
0.355 0.130 

 
200 0.134 0.055 

 
0.375 0.093 

 
0.507 0.211 

 
500 0.162 0.052 

 
0.558 0.131 

 
0.786 0.434 

 
1000 0.216 0.056 

 
0.784 0.219 

 
0.957 0.745 

          0.10 50 0.152 0.120 
 

0.267 0.126 
 

0.304 0.174 

 
100 0.170 0.108 

 
0.356 0.141 

 
0.425 0.212 

 
200 0.198 0.107 

 
0.451 0.159 

 
0.588 0.313 

 
500 0.234 0.105 

 
0.656 0.219 

 
0.855 0.562 

 
1000 0.308 0.110 

 
0.857 0.323 

 
0.981 0.834 

 

                  

 

SNR 2 
 

2.5 
 

3 

Nomimal 
sign. level 

n 
Δ(SNR) P-T(3) 

 
Δ(SNR) P-T(3) 

 
Δ(SNR) P-T(3) 

0.05 50 0.259 0.132 
 

0.265 0.154 
 

0.265 0.176 

 
100 0.398 0.204 

 
0.420 0.253 

 
0.424 0.310 

 
200 0.570 0.349 

 
0.620 0.463 

 
0.636 0.556 

 
500 0.871 0.726 

 
0.904 0.867 

 
0.916 0.927 

 
1000 0.984 0.958 

 
0.993 0.993 

 
0.996 0.999 

          0.10 50 0.320 0.210 
 

0.328 0.242 
 

0.332 0.268 

 
100 0.472 0.303 

 
0.491 0.364 

 
0.500 0.427 

 200 0.655 0.476 
 

0.696 0.585 
 

0.716 0.672 

 500 0.921 0.816 
 

0.942 0.921 
 

0.952 0.962 

  1000 0.992 0.978   0.997 0.997   0.999 1.000 

 

excess kurtosis.6 In the last two columns we report the p-value of the ∆SNR test, the first

when testing for the Normal-Half Normal specification, the second when the null distribution

is the Normal-Exponential. The two “n/a” rows are for the cases where the sample excess

kurtosis is negative and so the ∆SNR is not applicable.

6But we stress that the sign of skewness does matter for the ∆SNR test, since it appears in the Ĥ3 component
of the variance of the statistic.
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Table 8. OLS sample statistics and the ∆SNR test for selected datasets.

p-value (QSNR)
Original Study Model n |γ̂1(ε̂)| γ̂2(ε̂) NHN NE
Christensen & Greene (1976) G (1990) 123 0.073 0.619 0.246 0.505
Coelli et al. (2005) RS (2015) 344 0.718 1.454 0.113 0.887
Battese & Coelli (1995) BC (1995) 271 0.704 0.953 0.083 0.097

W (2002) 271 0.452 1.053 0.004 0.592
Erwidodo (1990) HS (1996, P1) 171 0.037 -0.007 n/a n/a

HS (1996, P6) 171 0.041 0.766 0.111 0.346
Lien, Størdal & Baardsen (2007) BHK (2012) 3,249 0.521 3.212 0.000 0.000
Kuosmanen (2012) KSS (2013) 89 0.055 0.058 0.888 0.983
Greene (1993) HP (2018) 90 0.111 -0.208 n/a n/a
Model Keys: G (1990) = Greene (1990, eq. 46);
RS (2015)=Rho & Schmidt (2015, eq. 10), BC(1995)=Battese & Coelli (1995);
W (2002) =Wang (2002), BHK (2012) =Badunenko, Henderson & Kumbhakar (2012);
HS (1996, P1) and HS (1996, P6) = Horrace & Schmidt (1996), Periods 1 and 6;
KSS (2013)=Kuosmanen, Saastamoinen & Sipiläinen (2013);
HP (2018)=Horrace & Parmeter (2018, eq. 14)

The first notable thing one observes is that regardless of the dataset, we never observe

an empirical skewness greater than 1 in magnitude. This is rather surprising given that all

simulations, as well as the results mentioned in the Introduction from Caves (1992b) indicate

a non-negligible frequency of sample skewness exceeding the value 1 for a reasonable SNR,

generated from either an Exponential, Truncated-Normal or Gamma distribution.

Looking at the sample excess kurtosis, in two cases, Erwidodo (1990, P1) and Greene

(1993) it is negative, which is evidence against a Normal/mesokurtic noise component of

the composed error term. In all other cases, the excess kurtosis is positive and within

limits either with respect to the Half-Normal distribution, or at least with respect to the

Exponential distribution. So it would appear that, using the simple criterion of the existence,

or not, of a Type II failure, one of the two specifications could be accepted on these grounds

alone. But application of the ∆SNR test paints a somewhat different picture.

In the case of Christensen & Greene (1976), both sample statistics are within the Half-

Normal limits, and the p-value for the NHN null specification is high enough to fail to reject

the null hypothesis of the NHN specification.
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In Coelli et al. (2005), the sample excess kurtosis exceeds the Half-Normal limit. The

p-value for the NHN null hypothesis is just over 0.11, which, while within conventional levels

of significance, it has to compete with a p-value of 0.887 for the Normal-Exponential null.

In the data set from Battese & Coelli (1995), but using the model from Wang (2002), the

sample excess kurtosis is considerably closer to the HN limit compared to Coelli et al. (2005)

– but here the ∆SNR test strongly rejects the NHN null while being comfortably supporting

of the NE null. This should be also contrasted with the results related to the original model

applied on this data set, where both the NHN and the NE null specifications are rejected at

10% level of significance. The difference of the two models is that Battese & Coelli (1995)

use time period dummies to handle the time dimension of the data, while in Wang (2002) a

time trend is used instead.

In Erwidodo (1990, P6) both sample statistics are within the Half-Normal bounds, but

the NHN null is barely supported at 0.11 level, while the NE null fares much better. Again

this is an indication that the NHN specification is not necessarily the best choice here.

In Lien et al. (2007), the excess kurtosis exceeds the Half-Normal bound but the ∆SNR

rejects both the NHN and the NE specifications. The reason is the following: while the

high excess kurtosis could reflect a NE specification with a reasonable SNR≈ 1.6, this would

imply skewness equal to ≈ 1.22, two-and-a-half times greater than the estimated skewness

value. This case exemplifies the source of the power of the ∆SNR test: it does not only look

at violations of the boundary, nor does it do it for skewness or excess kurtosis separately. To

avoid rejection, the sample measures should each be in harmony with the null distribution

and with each other given the null.

Finally, Kuosmanen (2012) is a case where the ∆SNR test has no discriminating power,

as we mentioned earlier: with such small estimated skewness and excess kurtosis, it cannot

discriminate between the tested specifications and an error distribution that is close to be

symmetric and mesokurtic. Here, the very high p-value reflects a lack of power rather than

anything else.

5. Conclusions

Skewness and kurtosis play an important role in both the estimation and interpretation

of the stochastic frontier model. While myriad research has addressed the wrong skewness

issue, essentially focusing on the sign of the skewness, we have argued here that also being

mindful of the magnitude can serve a useful role in efficiency analysis. Different distributions



24 SPECIFICATION TESTING FOR SFA

selected for the inefficiency component have various levels of maximal skewness, which when

coupled with the signal-to-noise ratio can imply that the observed empirical skewness of the

OLS residuals does not hold up with the distributional assumptions.

Simulation results indicated that samples largely respect the underlying theoretical values

coming from the specifications, so the empirical measures of skewness and excess kurtosis

of OLS residuals are to be trusted, with the usual caveat of outliers that may inflate their

values, especially for excess kurtosis (although we do not advocate that outliers are to be

automatically dropped from the sample).

Combining empirical skewness with empirical excess kurtosis creates a simple and powerful

tool to assess the validity of a specification, since it will have to respect both maximal values.

And even if it does, it must also produce alternative estimates for the signal-to-noise ratio

that largely agree with each other. However, strict reliance on the magnitude of skewness

and/or kurtosis is likely to lead to conclusions that are overbroad. To remedy this we

proposed a formal test that compares the size of the suggested SNRs consistent with the

estimated skewness and kurtosis, respectively. This test is simple to compute, only depending

on a single OLS estimation of the stochastic frontier model, and displays excellent power

properties.

Beyond our test it should be clear to the practitioner that computing the skewness and

the excess kurtosis of OLS residuals is essentially costless, and they should always be part of

the statistics reported in an empirical study, given how much we may be able to infer from

them. To demonstrate this we included a broad range of datasets that are well known in the

efficiency and productivity community and examined skewness and kurtosis of the residuals

along with p-values of our proposed test. The depth of insight provided from the test and

these diagnostics makes it clear when further scrutiny over distributional assumptions is

warranted for the stochastic frontier model.
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Appendix A. The Extended Skew-Normal/NTN specification.

The density of the Extended Skew-Normal distribution (see Azzalini & Capitanio 2014) is

fX (x) =
1

ωΦ (τ)
φ

(
x− ξ
ω

)
Φ

(
τ
√

1 + α2 + α
x− ξ
ω

)
.

Azzalini & Capitanio (2014, eq. 2.46, p. 39), give the skewness for the ESN (ξ, ω, α, τ)

distribution as:

γ1(ESN) =
ζ3 (τ) δ3

(1 + ζ2 (τ) δ2)3/2
, δ =

α√
1 + α2

where

ζ1(z) =
d

dz
ln (2Φ(z)) =

φ(z)

Φ(z)
, ζj(z) =

dj

dzj
ln (2Φ(z)) .

The authors (eq. 2.20, p. 30) also provide the explicit expressions for these derivatives in

terms of the first derivative: ζ3(z) = 2 (ζ1(z))3 + 3z(ζ1(z))2 + z2ζ1(z) − ζ1(z) and ζ2(z) =

−(ζ1(z))2 − zζ1(z).

Applying the mapping to the coefficients of the Normal-Truncated Normal density (see

main text), we see that the latter is a ESN (µ, σ, λ, µ/σu) distribution.

A.1. The skewness of the Truncated Normal Distribution. We have

γ1(NTN) =
ζ3 (µ/σu)

(1 + ζ2 (µ/σu)λ2/(1 + λ2))
3/2

λ3

(1 + λ2)3/2
=

ζ3 (µ/σu)λ
3

(1 + λ2 + λ2ζ2 (µ/σu))
3/2
.

Alternatively, we have from the general SNR expression for skewness

γ1 (v + u) = γ1 (u)

(
SNR√

1 + SNR2

)3

.

For the Truncated Normal, we have s2
u = σ2

u (1 + ζ2 (µ/σu)). So

γ1 (NTN) = γ1 (u)

(
su/sv√

1 + s2
u/s

2
v

)3

= γ1 (u)

 σu
√

1 + ζ2 (µ/σu)
/
σv√

1 + σ2
u (1 + ζ2 (µ/σu))/σ2

v

3

or

γ1 (v + u) = γ1 (u)
(1 + ζ2 (µ/σu))

3/2λ3

(1 + λ2 (1 + ζ2 (µ/σu)))
3/2
.

Equating the two expressions,

γ1 (u)
(1 + ζ2 (µ/σu))

3/2λ3

(1 + λ2 (1 + ζ2 (µ/σu)))
3/2

=
ζ3 (µ/σu)λ

3

(1 + λ2 + λ2ζ2 (µ/σu))
3/2
,
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we obtain

γ1 (u) = γ1 (TN) =
ζ3 (µ/σu)

(1 + ζ2 (µ/σu))
3/2
,

the skewness coefficient of the Truncated Normal distribution. Regarding its bounds, we

have that as µ/σu →∞, ζ1(µ/σu)→ 0. Then from the expressions of ζ3 and ζ2 in terms of

ζ1 we obtain also ζ3, ζ2 → 0 =⇒ γ1(TN)→ 0/1 = 0.

For the case µ/σu → −∞, Suguira & Gomi (1985) examine the left-truncated Normal

distribution and show that as the left truncation goes to +∞ skewness goes to 2. By sending

the left-truncation point to +∞, they essentially keep the density graph fixed and move the

truncation point to the right. In the case µ/σu → −∞, we keep the left-truncation point

fixed at 0, but we move the density graph to the left. The effect on the truncated density

at the limit is exactly the same, and so we have that µ/σu → −∞ =⇒ γ1(TN)→ 2. This

can also be proven using their skewness formula and the benchmark asymptotic expansion

for Mill’s ratio (its first four terms).

A.2. The excess kurtosis of the Truncated Normal Distribution. From Azzalini &

Capitanio (2014) we have

γ2(NTN) =
ζ4(µ/σu) · δ4

(1 + ζ2(µ/σu) · δ2)2

=
ζ4(µ/σu)

(1 + ζ2(µ/σu)λ2/(1 + λ2))2 ·
λ4

(1 + λ2)2

=
ζ4(µ/σu) · λ4

[1 + λ2 · (1 + ζ2(µ/σu))]
2 .

At the same time we have alternatively

γ2(NTN) = γ2(v ± u) =γ2(u)

(
SNR2

1 + SNR2

)2

=γ2(u)

(
s2
u/s

2
v

1 + (s2
u/s

2
v)

)2

=γ2(u)

(
(σ2

u/s
2
v) · (1 + ζ2(µ/σu))

[1 + (σ2
u/s

2
v) · (1 + ζ2(µ/σu))]

2

)2

=γ2(u)

(
λ2 · (1 + ζ2(µ/σu))

[1 + λ2 · (1 + ζ2(µ/σu))]
2

)2

.
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Equating with the previous expression, simplifying and rearranging, we obtain

γ2(TN) =
ζ4(µ/σu)

[1 + ζ2(µ/σu)]2
.

As with skewness, Suguira & Gomi (1985) show that µ/σu → −∞ =⇒ γ2(TN) → 6, the

excess kurtosis of the Exponential distribution.

Appendix B. Cumulants of the Truncated Exponential distribution.

The density of a truncated Exponential distribution is

fu(u) =
exp{−x/σu}

σu (1− exp{−b/σu})
, 0 ≤ x ≤ b.

Its moment generating function is

MGFu(t) =

∫ b

0

etufu(u)du

=

∫ b
0

exp{−(σ−1
u − t)u}du

σu (1− exp{−b/σu})

=
1

1− σut

∫ b
0
(σ−1

u − t) exp{−(σ−1
u − t)u}du

(1− exp{−b/σu})

=
1

1− σut
1− exp{−(σ−1

u − t)b}
(1− exp{−b/σu})

=
1

1− σut
exp{−b/σu} [exp{b/σu} − exp{bt}]

(1− exp{−b/σu})

=
1

1− σut
exp{b/σu} − exp{bt}

(exp{b/σu} − 2)
.

For compactness, set b/σu ≡ δ to get

MGFu(t) =
1

1− σut
exp{δ} − exp{bt}

(exp{δ} − 1)

and the cumulant generating function

Ku(t) = lnMGFu(t) = − ln (1− σut) + ln
(
eδ − ebt

)
− ln

(
eδ − 1

)
.

We now calculate its derivatives

∂Ku(t)

∂t
=

σu
1− σut

− bebt

eδ − ebt
∣∣∣
t=0

= σu −
b

eδ − 1
= σu ·

(
1− δ

eδ − 1

)
.
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Next,

∂2Ku(t)

∂t2
=

σ2
u

(1− σut)2
−
b2ebt

(
eδ − ebt

)
+ b2e2bt

(eδ − ebt)2

=
σ2
u

(1− σut)2
− b2ebteδ

(eδ − ebt)2

∣∣∣
t=0

=σ2
u −

b2eδ

(eδ − 1)2

=⇒ κ2(u) =Var(u) = σ2
u ·
[
1− δ2eδ

(eδ − 1)2

]
.

Next,

∂3Ku(t)

∂t3
=

2σ3
u

(1− σut)3
−
[

b3ebteδ

(eδ − ebt)2 + 2
b3e2bteδ

(eδ − ebt)3

]
=

2σ3
u

(1− σut)3
−

[
b3ebteδ

(
eδ − ebt

)
(eδ − ebt)3 +

2b3e2bteδ

(eδ − ebt)3

]

=
2σ3

u

(1− σut)3
− b3e2δebt + b3eδe2bt

(eδ − ebt)3 .

So,

∂3Ku(t)

∂t3

∣∣∣
t=0

= 2σ3
u −

b3e2δ + b3eδ

(eδ − 1)3 =⇒ κ3(u) = 2σ3
u ·

[
1−

δ3eδ
(
eδ + 1

)
2 (eδ − 1)3

]
.

Then,

γ1(u) = 2

[
1− δ3eδ(eδ+1)

2(eδ−1)
3

]
[
1− δ2eδ

(eδ−1)
2

]3/2
= 2 ·

2
(
eδ − 1

)3 − δ3eδ
(
eδ + 1

)
2
[

(eδ − 1)2 − δ2eδ
]3/2 .

A numerical check shows that the fraction that scales the value 2, which is the skewness

of the Exponential distribution, ranges in (0,1), increasing in δ.

Appendix C. The Variance of ∆SNR.

We examine the random variable

(14) ∆SNR = c1 ·
|m3|2/3

m2

− c2 ·
(
m4

m2
2

− 3

)1/2

≡ H(m2,m3,m4) = H,
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where

c1 ≡
1

γ1 (u)2/3
, c2 ≡

1

γ2 (u)1/2
,

and we have also suppressed the argument (ε̂) for compactness. Following Cramér (1946,

p.354), the asymptotic variance is

V∆ ≈ H2 · Var(m2) + H3 · Var(m3) + H4 · Var(m4)(15)

+ 2H2H3 · Cov(m2,m3) + 2H2H4 · Cov(m2,m4) + 2H3H4 · Cov(m3,m3).

C.1. Variance and pairwise covariance of central sample moments. Using µ to de-

note the population central moments, we have (see e.g. Cramér (1946), p. 350)

Var(mk) → µ2k − µ2
k − 2kµk−1µk+1 + k2µ2µ

2
k−1,

Cov(mk,mr)→ µk+r − kµk−1µr+1 − rµk+1µr−1 − µkµr + krµ2µk−1µr−1.

Inserting the moment orders 2, 3, 4 per case, and using µ1 = 0, we obtain the expressions

shown in the main text.

C.2. Partial derivatives. We have

Ĥ2 =
∂

∂m2

[
c1 ·
|m3|2/3

m2

− c2 ·
(
m4

m2
2

− 3

)1/2
]

=− c1 ·
|m3|2/3

m2
2

− c2 ·
1

2

(
m4

m2
2

− 3

)−1/2

· −2m4

m3
2

=− c1 ·
|m3|2/3

m2
2

+ c2 ·
1

2
(γ̂2(ε̂))−1/2 · m4

m3
2

.

Next,

Ĥ3 =
∂

∂m3

[
c1 ·
|m3|2/3

m2

− c2 ·
(
m4

m2
2

− 3

)1/2
]

=
2

3
c1 ·
|m3|−1/3

m2

· d|m3|
dm3

=
2 · sgn(m3)

3
c1 ·
|m3|−1/3

m2

.
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Finally,

Ĥ4 =
∂

∂m4

[
c1 ·
|m3|2/3

m2

− c2 ·
(
m4

m2
2

− 3

)1/2
]

= −c2 ·
1

2
(γ̂2(ε̂))−1/2 · 1

m2
2

.
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