
Chapter 10
The Taylor Series and Its Applications

Apparently it started with a discussion in Child’s Coffeehouse where Brook Taylor
(1685–1731) got the idea for the now famous series. He was talking with his friend
John Machin about solving Kepler’s problem. As it turned out, the Taylor series was
of such importance that Lagrange called it “the basic principle of differential cal-
culus.” Indeed, it plays a very important part in calculus as well as in computation,
statistics, and econometrics. As it is well known, a calculator or computer can only
add and, in fact, can deal only with 0s and 1s. So how is it possible that you punch in
a number and then press a button, and the calculator finds the logarithm or exponen-
tial of that number? Similarly, how can a machine capable of only adding give you
the sine and cosine of an angle, find solutions to an equation, and find the maxima
and minima of a function? All these and more can be done due to the Taylor series.

Furthermore, frequently in statistics and econometrics we estimate a set of
parameters but need to make an inference on nonlinear functions of them. For exam-
ple, we may estimate the reduced form of a system of simultaneous equations, but
we need to make inference about the structural parameters. The inference has to be
based on the distributions of the estimators of the latter parameters, the derivation
of which may be difficult or impossible. One alternative is to approximate moments
of these distributions via the Taylor series.

Still there are other issues in economics—such as measuring risk aversion or the
connection of expected utility function and mean-variance analysis in finance—that
can be fully understood only with the help of the Taylor expansion.

10.1 The Taylor Expansion

Consider a function f (x) that is differentiable n + 1 times, that is, its (n + 1)-th
derivative exists. Would it be possible to find a polynomial Pn (x) of degree less
than or equal to n with the following properties:

1. Its value at the point a is f (a).
2. The value of its j-th derivative j = 1, . . . n at point a is the same as the derivatives

of f (x). In other words,
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d jPn

dx j

∣∣∣∣
x=a

= f (j)(a), j = 1, . . . , n (10.1)

Because the polynomial has to pass through point (a, f (a)), we may write it in terms
of x− a as

Pn(x) = C0 + C1(x− a)+ C2(x− a)2 + . . .+ Cn(x− a)n (10.2)

From condition (1) above, it follows that

C0 = Pn (a) = f (a) (10.3)

and from condition (2),

C1 = f ′(a)

C2 = f ′′(a)

2

C3 = f ′′′(a)

3!
· · · = · · ·
Cn = f (n)(a)

n!

(10.4)

The reason is that

P′n(x) = C1 + 2C2(x− a)+ 3C3(x− a)2 + . . .+ nCn(x− a)n−1

and evaluating P′n (x) at point a causes all the terms involving x − a to vanish.
Therefore,

P′n(a) = C1 ⇒ C1 = f ′(a)

The second equality is condition (2) above. Similarly

P′′n(a) = 2C2 ⇒ C2 = f ′′(a)

2

In general,

P(j)
n (x) = j× (j− 1)× . . .× 2 Cj + (j+ 1)× j× . . .× 2 Cj+1(x− a)

+(j+ 2)× (j+ 1)× . . .× 3 Cj+2(x− a)2 + . . .

+n× (n− 1)× . . .× (n− j+ 1)Cn(x− a)n−j

At point x = a, we have
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P(j)
n (a) = j!Cj ⇒ Cj = f (j)(a)

j!
Thus we can write

Pn(x) = f (a)+ f ′(a)(x− a)+ 1

2
f ′′(a)(x− a)2

+ 1

3! f
′′′(a)(x− a)3 + . . .+ 1

n! f
(n)(a)(x− a)n

(10.5)

Let us call the difference between the polynomial Pn (x) and f (x), the remainder,
that is,

f (x) = Pn (x) + Rn (x) (10.6)

If Rn (x) is small, then Pn (x) is a good approximation for f (x). Indeed, we could
derive the Taylor formula as an approximation of the difference between f (x) and
f (a). Geometrically, we could try to approximate the segment of the curve between
the two points (x, f (x)) and (a, f (a)) by a line (see Fig. 10.1). Of course it would not
be a good approximation. Perhaps a parabola or a cubic function, or more gener-
ally, a polynomial of degree n would be better. Incidentally note that the segment
[(x, f (x)), (b, f (b))] can reasonably be approximated by a line because the two points
are much closer. Because we are approximating the difference between the values of
the function at points x and a, the polynomial has to be in terms of their difference
x− a. Therefore,

f (x)− f (a) =
n∑

j=1

Cj(x− a) j + Rn(x) (10.7)

Using the same procedure as before we have

f (x)− f (a) =
n∑

j=1

f (j)(a)
(x− a) j

j! + Rn(x) (10.8)

or

Fig. 10.1 Approximating f
(x) near point a with a
polynomial
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f (x) ≈
n∑

j=0

f (j)(a)
(x− a) j

j! (10.9)

Example 10.1 Finding the Taylor expansion of a polynomial function is pointless
in that we already have the expansion. Nevertheless, such an exercise is quite useful
in terms of illustrating the procedure and its objective. Here we write the Taylor
expansion1 of the function y = x3 − 2x, first near point x0 = 0 and then near point
x1 = 1. We start with the derivatives of the function

y′ = 3x2 − 2

y′′ = 6x

y′′′ = 6

Therefore, the Taylor series near point x0 is

y = 0− 2x+ 0+ 6

6
x3 = x3 − 2x

and near x1

y = 1− 2+ (x− 1)+ 6

2
(x− 1)2 + 6

6
(x− 1)3 = x3 − 2x

Example 10.2 Write the first five terms of the Taylor series of y = ln x near point
x0 = 1.

y′ = 1

x
, y′′ = − 1

x2
, y′′′ = 2

x3
, y(4) = − 6

x4

Thus,

ln x = 0+ (x− 1)− 1

2
(x− 1)2 + 1

3
(x− 1)3 − 1

4
(x− 1)4

Example 10.3 Consider the Taylor expansion of f (x) = ex near point a = 0. We
already know that f (j)(x) = ex, j = 1, . . . , n, and e0 = 1.

Therefore,

ex ≈
n∑

j=0

xj

j! (10.10)

We can program this formula in Matlab or Excel and calculate the value of e by let-
ting x = 1. The formula uses nothing but addition because multiplication is addition
repeated so many times and division is the inverse of multiplication. The results are
reported in Table 10.1. As n increases, the precision of the computation increases.

1The Taylor expansion around point 0 is referred to as Maclaurin expansion after Colin Maclaurin
(1698–1746), a brilliant mathematician who derived it as a special case of Taylor series.
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Table 10.1 Evaluating e
using the Taylor expansion n e

0 1.00000000000000
1 2.00000000000000
2 2.50000000000000
3 2.66666666666667
4 2.70833333333333
5 2.71666666666667
6 2.71805555555556
7 2.71825396825397
8 2.71827876984127
9 2.71828152557319

10 2.71828180114638
11 2.71828182619849
12 2.71828182828617
13 2.71828182844676
14 2.71828182845823
15 2.71828182845899
16 2.71828182845904
17 2.71828182845905

Check the result obtained against the value of e that you can get from your calcula-
tor. Note that the result of the Matlab expression factorial() is accurate for the
first 15 digits, that is, for n ≤ 21.

Matlab code

% Initialize an array of length 20

e = zeros(20,1);

% Set the first entry equal to 1 which

% corresponds to e0

e(1) = 1;

% calculate e by adding in each step 1/i! to the

% result of the previous step. Note that we have

% to adjust the counter because Matlab counters

% cannot be zero.

for j=2:20
e(j) = e(j-1) + 1/(factorial(j-1));

end

% We will use the long format to get as many decimals

% as possible

format long

% Print e

e
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Table 10.2 Computing e
using Excel A B

0 =1/FACT(A1)
1 =B1+1/FACT(A2)
2 =B2+1/FACT(A3)
3 =B3+1/FACT(A4)
4 =B4+1/FACT(A5)
...

...

For the Excel program, we have (Table 10.2).

Example 10.4 (Mean-Variance Analysis in Finance). Following the seminal work of
Harry Markowitz, financial economists and financial analysts have used the mean-
variance analysis. The idea is to represent the risk of an asset or portfolio with the
variance of its rate of return. By balancing expected return against risk, the investor
or analyst can choose an optimal portfolio. At first glance such an analysis seems ad
hoc. But indeed it has its roots in the expected utility analysis. Let

U = U (x) (10.11)

where U denotes utility and x is the return of an asset that we assume to be a random
variable distributed with mean μ = E(x) and variance σ 2 = E(x−μ)2. The return of
an asset is considered a random variable because it cannot be forecast with certainty.
It depends on many factors, including the economic condition of the country and the
world as well as the specific workings of the firm issuing the security. In the case
of U.S. government bonds, the probability distribution is concentrated at one point,
namely the yield that has probability one. Using the Taylor formula, we can write

U(x) = U(μ)+ (x− μ)U′(μ)+ 1

2
(x− μ)2U′′(μ)+ R (10.12)

Assuming that the remainder is negligible, we can write the expected utility as

E(U) = U(μ)+ 1

2
σ 2U′′(μ) (10.13)

Thus, the expected utility depends only on the mean and variance of the return. If
the assumptions made are valid, then decisions based on mean-variance analysis are
equivalent to decisions based on expected utility maximization. Finally, note that
for a fixed value of an expected utility, say, E (U) = U0, we have

U′dμ+ 1

2
U′′dσ 2 = 0 (10.14)
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because all higher derivatives of U are assumed to vanish. Thus,

dμ

dσ 2
= −1

2

U′′

U′
(10.15)

The above equation shows the trade-off between risk and return. In order to remain
indifferent to an infinitesimal change in risk, σ 2, the investor requires a −U′′/2U′
increase in return. The higher the required compensation, the higher the degree of
risk aversion on the part of the investor. Thus,

v = −U′′

U′
(10.16)

is taken as the measure of risk aversion. Furthermore, if we normalize it by the
amount of income, x, or the expected return μ, then we have the measure of relative
risk aversion:

ε = −μ
U′′

U′
(10.17)

Example 10.5 Consider a random variable X with mean E(X) = μ and variance
E(X − μ)2 = σ 2. Suppose we are interested in the variable Y = f (X) where f is a
nonlinear function. What are the mean and variance of Y?

If the distribution of X is known and if we could explicitly derive the resulting
distribution of Y, then we can come up with the mean and variance of Y. Usually,
however, the derivation of the resulting distribution is rather involved and we may
not end up with a known distribution. In such cases, if we know the distribution
of the original variable still we can simulate the new distribution and compute its
mean and variance. If we don’t know the distribution of X then this option is also
unavailable. In such cases we can resort to Taylor approximation.

Let X have mean and variance μ and σ 2, and let Y = f (X). We can write:

Y ≈ f (μ)+ (X − μ) f ′(μ) (10.18)

Taking the expected value of both sides, we have

E(Y) ≈ f (μ) (10.19)
Further,

E[Y − E(Y)]2 ≈ σ 2f ′(μ)2 (10.20)

This, procedure, as the next example will show, proves quite useful in the theory
and practice of econometrics.

Example 10.6 (Nonlinear Functions in Econometrics). On many occasions we esti-
mate a parameter, say, θ by θ̂ , but we are interested in making inference about f (θ )
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where f is nonlinear. In such cases we may try to derive the distribution of f (θ̂) based
on the distribution of θ̂ . This is not always easy, nor is it guaranteed that the resulting
distribution is tractable. An alternative would be to approximate moments of f (θ̂),
in particular its mean and variance, using the Taylor expansion near the point θ̂ .

f (θ̂) ≈ f (E(θ̂))+ (θ̂ − E(θ̂ )) f ′(E(θ̂ )) (10.21)

Taking the expected value of both sides of (10.21) and dropping the approximation
sign, we have

E[f (θ̂)] = f (E(θ̂)) (10.22)

Moreover,

Var f (θ̂) = E[f (θ̂)− Ef (θ̂)]2

= E[θ̂ − E(θ̂ )]2[f ′(θ̂ )]2

= Var(θ̂ )[f ′(θ̂)]2

(10.23)

Example 10.7 In elementary econometrics, the following model is used to illus-
trate the issues regarding identification and estimation of systems of simultaneous
equations:

Y = C + I

C = βY + ε

where Y, C, and I are, respectively, income, consumption, and investment, or
autonomous expenditures. β is the marginal propensity to consume, and ε is a
stochastic term. Because Y is endogenous, if we estimate β directly using the second
equation, the result will be a biased and inconsistent estimate. To get a consistent
estimate of β we write the reduced form of the equation

C = β

1− β
I + ε

1− β
= kI + η

where k = β/(1 − β) and η = ε/(1 − β). Now we can obtain an unbiased and
consistent estimate of k together with Var(k̂). But we still want to make inference
about β = k/(1+ k). We can estimate β as

β̂ = k̂

1+ k̂

and its variance as

Var(β̂) = Var(k̂)

(
dβ

dk

)2

= Var(k̂)
1

(1+ k̂)4

β̂ is a biased but consistent estimator because
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plim β̂ = plim k̂

1+ plim k̂
= k

1+ k

plim is short for probability limit and plim k̂ = k, means that k̂ converges to k in
probability. That is,

lim
N→∞P [|k − k̂| < ε] = 1 (10.24)

Example 10.8 (Equivalence of Different Forms of Complex Variables). In Chap. 2
we noted that a complex variable can be written in three forms:

z = x± iy

= ρ(cos θ ± i sin θ )

= ρe±iθ
(10.25)

where

ρ =
√

x2 + y2 (10.26)

and

tan θ = y

x
or θ = tan−1 y

x
(10.27)

Whereas the first equality in (10.28) follows from the Pythagoras theorem and
definitions of trigonometric functions (see Fig. 10.2), the second equality is
not self-evident. Here we will show the second equality with the help of the
Taylor expansion. First, let us write the Maclaurin expansions of the sin θ and
cos θ .

cos θ = cos(0)− θ sin(0)− θ2

2
cos(0)+ θ3

3! sin(0)+ θ4

4! cos(0)− · · ·

Noting that cos(0) =1 and sin(0) =0, we have

Fig. 10.2 Point z in the
complex plane
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cos θ = 1− θ2

2
+ θ4

4! −
θ6

6! − · · · =
∞∑

k=0

(−1)k θ2 k

(2 k)! (10.28)

Similarly,

sin θ = sin(0)+ θ cos(0)− θ2

2
sin(0)− θ3

3! cos(0)+ θ4

4! sin(0)+ · · ·

and

sin θ = θ − θ3

3! +
θ5

5! −
θ7

7! + · · · =
∞∑

k=1

(−1)k−1 θ2 k−1

(2 k − 1)! (10.29)

Therefore,

cos θ + i sin θ = 1+ iθ − θ2

2
− i

θ3

3! +
θ4

4! + i
θ5

5! − · · ·

Recalling that

i0 = 1, i2 = −1, i4 = 1, . . .

we can write

cos θ + i sin θ =
∞∑

k=0

(iθ )k

k! (10.30)

But we already know that

eiθ =
∞∑

k=0

(iθ )k

k! (10.31)

Hence the equality is verified. In a similar fashion we can show that cos θ− i sin θ =
e−iθ . Incidentally, we have shown how the sine and cosine functions are calculated.

10.1.1 Exercises

E.10.1 Write the first four terms of the Taylor expansion of the following functions
near the point x0

i. f (x) = 5x4 − 3x3 − x2 + 7x+ 14

ii. f (x) = √2x

iii. f (x) = e3x

iv. f (x) = xex

E.10.2 Write the first four terms of the Taylor expansion of the following functions
near the point x0 = π/2:

i. f (x) = cos 2x, ii. f (x) = sin 2x, iii. f (x) = tan 3x
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E.10.3 Use the Taylor series to evaluate the following expressions:

i.
√

54 ii. e2 iii. ln 6

E.10.4 Program the Taylor formula in Matlab to calculate a table of logarithms for
numbers between 0.001 and 9.999.

E.10.5 Write a program to calculate the sine and cosine functions of different angles
based on the Taylor expansion.

E.10.6 Given the mean μ, and variance σ 2 of the variable X > 0, find the mean and
variance of variable Y = ln(X).

10.2 The Remainder and the Precision of Approximation

Although by increasing n the precision of the computation is increased, the process
cannot continue indefinitely. Therefore we might ask, what is the nature of this
approximation or, to put it differently, what is the order of magnitude of Rn (x)? We
have a good approximation formula and we can replace f (x) by Pn (x) if Rn(x) → 0
as n → ∞. To find an expression for Rn (x), we need the basic result of Rolle’s
theorem.

Theorem 10.1 (Rolle’s2 Theorem). Let f (x) be a continuous function on the interval
[a, b] with f (a) = f (b) = 0. Further, assume that f (x) is differentiable on the open
interval (a, b). Then there exists at least one point x∗ such that a < x∗ < b and
f ′(x∗) = 0.

Proof Because the function f is continuous in the interval [a, b], then it has a maxi-
mum and a minimum. First note that if the maximum and minimum coincide, then
we have a horizontal line and f ′(x) = 0 for all values of x in the interval and the the-
orem holds. If the maximum and minimum are not equal, then at least one of them is
not equal to zero. For the sake of simplicity, let us assume that the maximum M > 0.
Note that this excludes the maximum occurring either at a or b. Thus, let

f (x∗) = M

It follows that at all points on both sides of the point x = x∗, we have:

f (x∗ +x)− f (x∗) ≤ 0 (10.32)

(10.32) holds both when x < 0 and x > 0. Therefore,

f (x∗ +x)− f (x∗)
x

≤ 0, x > 0

f (x∗ +x)− f (x∗)
x

≥ 0, x < 0
(10.33)

2The self-taught French mathematician Michel Rolle (1652–1719) is best known for this theorem.
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Taking the limits of both relationships in (10.33), we have

lim
x→0+

f (x∗ +x)− f (x∗)
x

= f ′(x∗) ≤ 0

lim
x→0−

f (x∗ +x)− f (x∗)
x

= f ′(x∗) ≥ 0
(10.34)

which implies f ′(x∗) = 0.
Going back to our question, we note that because the last term of (10.9) is

f (n) (x− a)n

n!
we can surmise the remainder to be of the form

Rn(x) = (x− a)n+1

(n+ 1)! Q(x) (10.35)

Q(x) depends on x and a. Therefore, for particular values of x, and a, Q(x) has a
fixed value. Let us denote it by Q∗ and try to determine it. Consider the expansion
of f (x) about a point z that lies somewhere between a and x.

f (x) ≈
n∑

j=0

f (j) (x− z) j

j! (10.36)

and define
F(z) = f (x)−

n∑
j=0

f (j) (x− z) j

j! − (x− z)n+1

(n+ 1)! Q∗ (10.37)

Note that for fixed values of a and x, F is a function of z alone and is differentiable.
Therefore,

F′(z) = − f ′(z)+ f ′(z)− (x− z)f ′′(z)+ 2(x− z)

2! f ′′(z)

− (x− z)2

2! f (3)(z)+ . . .+ (x− z)n−1

(n− 1)! f (n)(z)

+ n(x− z)n−1

n! f (n)(z)− (x− z)n

n! f (n+1)(z)

+ (n+ 1)(x− z)n

(n+ 1)! Q∗

(10.38)

Simplifying,

F′(z) = − (x− z)n

n! f (n+1)(z)+ (x− z)n

n! Q∗ (10.39)

Furthermore, because F(x) = F(a) = 0, the conditions of Rolle’s theorem hold and
for some value of z, say, ξ , F′(ξ ) = 0. Therefore,
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Q∗ = f (n+1)(ξ ) (10.40)

and

Rn(x) = (x− a)n+1

(n+ 1)! f (n+1)(ξ ) (10.41)

Recall that ξ lies somewhere between x and a. Therefore we can write

ξ = a+ θ (x− a) 0 < θ < 1 (10.42)

Substituting (10.42) in (10.41) we have Lagrange’s3 form of the remainder:

Rn(x) = (x− a)n+1

(n+ 1)! f (n+1)(a+ θ (x− a)) (10.43)

and when a = 0

Rn(x) = xn+1

(n+ 1)! f
(n+1)(θx) (10.44)

Now we can assess the accuracy of the Taylor approximation. For example, in the
case of calculating e, the remainder will be

Rn = xn+1

(n+ 1)!e
θx

The first question is whether Rn → 0 as n →∞, that is, if the Taylor series of e is
convergent. For a fixed x the value of eθx is constant. Therefore we should look at

lim
n→∞

xn+1

(n+ 1)! = lim
n→∞

x

1
× x

2
× . . .× x

n
× x

n+ 1

For a finite fixed x, the last term approaches zero as n → ∞. Therefore, the series
is convergent. We can estimate the error of calculation by finding an upper limit for
it. For x = 1 and θ < 1 we have

eθx < 3

Therefore, the upper limit of the error of calculation is

Rn <
1

(n+ 1)!3

3After Joseph-Louis Lagrange (1736–1813), who was considered a great mathematician at 23 and
whom Napoleon Bonaparte referred to as “The Lofty Pyramid of the mathematical sciences.”
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Thus,

Rn <

⎧⎪⎨
⎪⎩

8.2672× 10−6

4.68576× 10−16

3.64838× 10−34
for n =

⎧⎪⎨
⎪⎩

8

17

30

10.2.1 Exercises

E.10.7 Write the remainder term for the function in E.10.1 and E.10.2.

E.10.8 Compute an order of magnitude for the accuracy of your results in E.10.3.

10.3 Finding the Roots of an Equation

Finding the roots of an equation, that is, computing x∗ such that f (x∗) = 0, can be
accomplished with several different algorithms. One effective algorithm, Newton’s4

method, is based on the Taylor expansion. Here we will discuss this method and
compare it to another method called the bisection method. Both are members of the
family of iterative methods.

10.3.1 Iterative Methods

In Chap. 3, we briefly discussed the idea behind iterative methods. Because the
subject is of importance both in computation and econometrics, we illustrate it once
more with a similar example. This time we will try to find the cubic root of a number.
Suppose we are interested in finding the cubic root of the number, say, 91125. Let
us start with an initial guess and for the time being we make an off-the-wall guess,

4Sir Isaac Newton (1643–1727) is a giant in the history of science; indeed, the publication of
his Philosophiae Naturalis Principia Mathematica, usually referred to as Principia, is a turning
point in the history of humankind. He invented calculus, discovered important laws of physics,
and showed that the universe works on mathematical principles. Yet, he found time to improve the
operation of the Royal Mint. He also served as the president of the Royal Society and shaped it to
become the leading scientific society in the world. Newton was a loner and secretive. He did not
acknowledge the contribution of other scientists and got into a bitter dispute with Leibnitz over
the invention of calculus and with Robert Hooke (1635–1703), another pioneer scientist, over the
theory of light. There are many good books on the history of science. I suggest John Gribbin’s
Science, A History 1543–2001 (2002). On the life of Newton, the reader may be interested in
reading Isaac Newton: The Last Sorcerer by Michael White (1997). The German mathematician,
Gottfried Wilhelm Leibnitz (1646–1716), independently invented calculus. His exposition was eas-
ier to understand than Newton’s. The two engaged in a bitter dispute over who had priority. Leibnitz
organized the Berlin Academy of Sciences and served as its first president. He had other interests,
including law and economics, and for a time served as a diplomat.
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Table 10.3 Iterative method
to find the cubic root of a
number in Excel

A B

91125 20
=(1/3)∗(2∗B1+(A$1/(B1ˆ2)))
=(1/3)∗(2∗B2+(A$1/(B2ˆ2)))
...

say, y0 = 20. If this guess is a good one, then 91125/(202) will be very close to
our initial guess. But it is not. How can we get closer to the correct number? Let
us consider the weighted average of our initial guess and the number 91125/(202)
where the initial guess has the weight of 2.

y1 = 1

3

(
2y0 + 91125

y2
0

)

Our next result is y1 = 89.270833. If we repeat the step above, we have

y2 = 1

3

(
2y1 + 91125

y2
1

)
= 63.325399

A few more iterations and we have our number: 3
√

91125= 45. This procedure can
be programmed in Matlab or Excel. In an Excel worksheet make the entries shown
in Table 10.3. Highlight the square B2 and drag it down a few rows.

You will get the answer.

A B

91125 20
89.270833
63.325399
49.791545
45.446310
45.004369
45
45

A Matlab program accomplishes the same task.

Matlab code

% Specify the number

A = 91125

% Initialize y

y = 20

z = 0
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% specify the degree of precision, delta

delta = 0.00001

% Find the cubic root of A

while abs(z-y) > delta

z = y;

y = (2*y + A./(y.ˆ2))./3;

end

The above routine illustrates the process of all iterative algorithms, which have three
basic ingredients: a starting point, a desired level of accuracy, and a recurrence
formula.

yj = 1

3

(
2yj−1 + 91125

y2
j−1

)
(10.45)

The speed of computation is greatly enhanced by choosing a starting point closer to
the final result (see E.10.11). The desired level of accuracy depends on the purpose
of computation. In general, depending on the problem at hand, we should set a limit
reflecting the desired precision of the results and terminate the process when the
results obtained in two consecutive iterations differ by less than the preset limit .
Of course, this limit should not be less than the precision of Matlab or any other
software we may be using. Finally, we need a recurrence formula that is convergent,
that is, in every step it gets closer to the final answer.

The algorithm is implemented in four steps:

1. Choose a 

2. Choose a starting point x0
3. Calculate xj based on xj−1
4. Repeat step 3 until

∣∣xj − xj−1
∣∣ < 

In the next two sections, we flesh out these concepts by discussing two algorithms
for finding the roots of an equation.

10.3.2 The Bisection Method

Suppose we are looking for the roots of the equation f (x) = 0 where f is a continuous
function. Further suppose that within the interval [a, b] the function changes sign
such that f (a)f (b) ≤ 0. Then clearly one root lies in that interval. Calculate the
function at the midpoint m = (a+ b)/2 If the function changes sign between a and
m, then the solution lies in the interval [a, m], or else it lies in the interval [m, b].
Either way, we divide the interval within which the root lies into two equal segments
and repeat the procedure until we are as close as we wish to the root. Because this is
an iterative method, we need a starting point and a tolerance level or a stopping rule
for ending the iteration. The following Matlab program illustrates the algorithm.
First, we specify the function
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Matlab code

function y = f(x)

y = x.ˆ2 - exp(x)

and save it in an m.file. The solution based on bisection can be obtained using
the following program:

Matlab code

% Specify the interval containing the solution

a = -3;

b = 3;

% check that the interval contains the root

if f(a).∗f(b) > 0

disp(′The interval does not contain the root

of the equation.′)
return

end

% specify delta

delta = 0.00001 + eps.∗max(abs(a), abs(b))

while abs(a-b) > delta

m = (a+b)/2;

if f(a).∗f(m) <= 0

b = m;

else

a = m;

end

end

x = (a+b)/2

We could make this program more efficient by cutting down the number of times
the function f has to be evaluated. This can be accomplished by storing f(a),
f(b) and f(m) once they are evaluated in, say, fa, fb, and fm. Note also that
you can change the function in m.file as well as a, b, and the Delta in the body
of the program.

10.3.3 Newton’s Method

Suppose we are interested in finding the roots of the function y = f (x), that is, x∗
such that f (x∗) = 0. Consider the first two terms of the Taylor expansion of this
function

P (x) = f (x0) + (x− x0) f ′ (x0) (10.46)

If P(x) is a good approximation for f (x) and if x∗ is the root of this function, then

P(x∗) = 0 (10.47)
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and we have

f (x0)+ (x∗ − x0)f ′(x0) = 0 (10.48)

which implies

x∗ = x0 − f (x0)

f ′(x0)
(10.49)

But this would be true if either x0 = x∗or P(x) was exactly equal to f (x). Because
P(x) is only an approximation and we may not have been lucky to pick x0 = x∗,
our first result will be only an approximation. Let us call it x1 and ask if we could
improve upon it. Certainly x1 is closer to x∗ than x0. But if we now take x1 as our
initial guess and repeat the process, we will get even closer to x∗. This observation
suggests that we should start with some initial guess, x0 and at every stage replace
xj−1 by

xj = xj−1 − f (xj−1)

f ′(xj−1)
(10.50)

and stop the process when
|xj − xj−1| <  (10.51)

where again  is a preset precision level. The method can be illustrated geomet-
rically. In Fig. 10.3 we start with the initial guess x0. The tangent to the curve at
point (x0,f (x0)) when extended to intersect the x-axis provides us with the next point
x1. The length |x1 − x0| is equal to f (x0) /f ′ (x0), but because we are moving in the
negative direction, we have x1 − x0 = −f (x0) /f ′ (x0). We repeat the same process
for point x1 and gradually approach x∗.

Fig. 10.3 Geometric
representation of Newton’s
method
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Example 10.9 In Chap. 3, we showed that the following recurrence formula can be
used to compute the square roots of a number:

xj = 1

2

(
xj−1 + A

xj−1

)

We can show that this formula is a special case of Newton’s method. Consider the
equation

f (x) = x2 − A = 0

whose solution is the square root of A. Since f ′ = 2x, applying Newton’s method,
we have

xj = xj−1 − f (xj−1)

f ′(xj−1)

= xj−1 −
x2

j−1 − A

2xj−1

= 1

2

(
xj−1 + A

xj−1

)

The same can be shown for the recurrence formula of computing the cubic root (see
E.10.11).

In order to program Newton’s method in Matlab we need to evaluate the deriva-
tive of the function. This can be done in three ways. We can use another m.file to
define the derivative or, alternatively, we can use programs that calculate the deriva-
tive of a function. But the simplest way is to use the approximation of derivatives
discussed in Chap. 8, that is,

f ′(x) ≈ f (x+ h)− f (x− h)

2 h
(10.52)

Matlab code
% Specify the initial guess

xi = 0.1;

% specify delta and h

delta = 0.00001 + eps.∗f(xi)
h = 0.001

while norm(f(xi)) > delta

% Watch the parentheses as they are important

xi = xi-f(xi)./((f(xi+h) - f(xi-h))./(2.∗h));
end

Again the program can be refined and its parameters reset. Matlab has a ready-made
function for finding the roots of a nonlinear equation. It is based on a combination
of methods including bisection. Recall that we already have specified the f function.
Then we can find the solution as
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Matlab code
z = fzero(@f,0.1)

10.3.4 Exercises

E.10.9 Solve the following equations using both bisection and Newton’s methods.

i. x3 − 5x+ 14 = 0

ii. x3 − 4x2 + 7x− 8 = 0

iii. xex − 12 = 0

iv. x4 − 3x3 + 5x2 + x− 12

E.10.10 Use the Matlab fzero function to check your results in E.10.9.

E.10.11 Use the Excel routine to find the cube of the following numbers:

i. 456987, ii. 312701, iii. 8123455

After finding the cube root, move your initial guess closer to the final result and see
the effect on the number of iterations needed.

E.10.12 Show that the formula in (10.45) for calculating the cubic root of a number
is a special case of Newton’s method. [Hint: Consider the solution of the equation
y3 − A = 0 by Newton’s method.]

10.4 Taylor Expansion of Functions of Several Variables

The Taylor formula can readily be applied to functions of several variables. Consider
the function

z = f (x, y) (10.53)

To write its Taylor expansion near the point (x0, y0), let
δx = x− x0

δy = y− y0

Then
f (x, y) = f (x0, y0)+ fx(x0, y0)δx+ fy(x0, y0)δy

+1

2

[
fxx(x0, y0)(δx)2 + 2fxy(x0, y0)(δxδy)+ fyy(x0, y0)(δy)2

]
+ 1

3!
[
fxxx(x0, y0)(δx)3 + 3fxxy(x0, y0)(δx)2δy

+3fxyy(x0, y0)(δy)2δx+ fyyy(x0, y0)(δy)3
]+ · · ·

(10.54)
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Example 10.10 Consider the function

f (x, y) = 2x2 − 4xy+ 3y2

and the point

x0 = 1, y0 = 1

because

fx = 4x− 4y fy = −4x + 6y

fxx = 4 fxy = −4 fyy = 6

Evaluating the first two derivatives at point (x0, y0), we have fx (1, 1) = 0 and
fy (1, 1) = 2. The last three derivatives are constant. Thus, the Taylor expansion is

f (x, y) = (2− 4+ 3)+ (x− 1)(0)+ (y− 1)(2)

+ 1

2
[(x− 1)2(4)+ 2(x− 1)(y− 1)(−4)+ (y− 1)2(6)]

= 2x2 − 4xy+ 3y2

Example 10.11 Let us write the Taylor expansion of the function

f (x, y) = ex+y

near the point

x0 = y0 = 0

The first- and second-order derivatives of the function are

fx = fy = ex+y, fxx = fxy = fyy = ex+y

Evaluated at point (0, 0), they are all equal to 1. Thus,

f (x, y) = 1+ x+ y+ 1

2
(x2 + 2xy+ y2)+ 1

3! (x
3 + 3x2y+ 3xy2 + y3)+ R3

Example 10.12 For the function z = yex the first three terms of the Taylor series
near the point (x0 = 0, y0 = 1) are

z ≈ 1+ x+ (y− 1)+ 1

2
[x2 + 2x(y− 1)]+ 1

6
[x3 + 3x2(y− 1)]
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because

fx = yex, fy = ex, fxx = yex, fxy = ex, fyy = 0

and

fxxx = yex, fxxy = ex, fxyy = 0, fyyy = 0

Using the notation developed in Chap. 9, we can write the Taylor series in a very
compact form. Recall that we defined the gradient of the function

y = f (x) x = [x1, x2, . . . , xk]′ (10.55)

as

∇f (x) =

⎡
⎢⎢⎣

∂f /∂x1

...

∂f /∂xk

⎤
⎥⎥⎦ (10.56)

and its Hessian as

∇2f (x) =
[

∂2f

∂xi∂xj

]
i, j = 1, . . . k (10.57)

Using the above notation, we can write the Taylor series of y = f (x) near point
a = [a1, a2, . . . , ak]′ as

f (x) = f (a)+ (x− a)′∇f (x) + (x− a)′∇2f (a)(x− a)+ R3 (10.58)

Note that we stopped at the terms involving second derivatives. The first derivatives
are represented by a vector which is a k×1 column. The Hessian is a matrix and has
two dimensions. The set of third-order derivatives have to be presented by a cube
of three sides to which a vector of the form [x − a] will be attached. The fourth-
order derivatives have to be presented in a four-dimensional space that we cannot
even visualize. A discussion of symbols to represent such entities is well beyond the
scope of this book. But the good news is that for most analytical purposes the first
three terms of the Taylor series are all we need. Of course, we can always resort to
the form of (10.54) for any number of terms that we may need.

Example 10.13 We can extend the results regarding the mean and variance of a
nonlinear function of estimated parameters (Examples 10.5 and 10.6) to the case of
a vector of parameters �.

Then

Ef (�̂) = f (E(�̂)) (10.59)
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and denoting the covariance matrix of �̂ by V(�̂) we have

Var(f (�̂)) = E[f (�̂)− Ef (�̂)][f (�̂)− Ef (�̂)]′

= ∇f (�̂)E[�̂− E(�̂)][�̂− E(�̂)]′(∇f (�̂))′

= ∇f (�̂)V(�̂)(∇f (�̂))′
(10.60)

10.4.1 Exercises

E.10.13 Write the first eight terms of the Taylor series of the following functions:

i. z = x− y

x+ y
, ii. z = e2x−3y, iii. z = ln(x+ y)

E.10.14 Write the Taylor expansion of the following functions near point (K0, L0).

i. Q = AKαLβ

ii. Q = (αKρ + βLρ)1/ρ

E.10.15 Suppose we have a model and have estimated E(y) by ŷ. Further assume
that var(ŷ) = σ̂ 2. What would be a reasonable estimate of E(ey) and its variance?
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